We study the universal critical properties of the QED3-Gross-Neveu-Yukawa model with N flavors of four-component Dirac fermions coupled to a real scalar order parameter at four-loop order in the ǫ expansion below four dimensions. For N = 1, the model is conjectured to be infrared dual to the SU (2)-symmetric noncompact CP 1 model, which describes the deconfined quantum critical point of the Néel-valence-bond-solid transition of spin-1/2 quantum antiferromagnets on the two-dimensional square lattice. For N = 2, the model describes a quantum phase transition between an algebraic spin liquid and a chiral spin liquid in the spin-1/2 kagomé antiferromagnet. For general N we determine the order parameter anomalous dimension, the correlation length exponent, the stability critical exponent, as well as the scaling dimensions of SU (N ) singlet and adjoint fermion mass bilinears at the critical point. We use Padé approximants to obtain estimates of critical properties in 2+1 dimensions.
I. INTRODUCTION
The study of critical phenomena represents one of the cornerstones of modern condensed matter physics, and the systematic understanding of such phenomena by renormalization group (RG) methods is widely acknowledged as one of the great triumphs of theoretical physics in the twentieth century [1] . The best-known examples of critical phenomena are phase transitions in systems with an n-component vector order parameter, such as Ising (n = 1), XY (n = 2), or Heisenberg (n = 3) magnets, which are typically described by the Wilson-Fisher fixed point of the bosonic O(n) vector model [2] . Critical exponents for this model have been determined in successive refinements over the years, culminating in the recent tour-de-force calculation of critical exponents at six-loop order [3] [4] [5] . Combined with Padé or Borel resummation techniques, the ǫ expansion below the upper critical dimension of four is known to yield precise values for the critical exponents [6] .
While the O(n) vector model provides a satisfactory description of phase transitions obeying the LandauGinzburg-Wilson (LGW) paradigm, that is, transitions at which bosonic order parameter fluctuations are the only relevant long-wavelength degrees of freedom, much attention has been drawn in recent years to two classes of continuous quantum phase transitions at which the purely bosonic LGW approach fails. The first, fermionic quantum critical points, comprises phase transitions at which gapless fermionic degrees of freedom couple to order parameter fluctuations via a Yukawa-type coupling. In cases of interest this fermion-boson coupling is relevant at the purely bosonic (e.g., Wilson-Fisher) critical point and drives the system towards a new universality class with coexisting, and in many cases strongly coupled, bosonic and fermionic degrees of freedom. The prime example in this category is systems with Dirac fermion excitations at low energies, such as graphene or the surface of three-dimensional (3D) topological insulators, coupled with real [7, 8] , complex [8] [9] [10] [11] [12] [13] [14] [15] , or vectorial [7, [16] [17] [18] order parameters. The corresponding critical points are described by the Gross-Neveu-Yukawa (GNY) model [19] , which can be studied by perturbative RG in d = 4 − ǫ dimensions, or its purely fermionic equivalent, the GrossNeveu (GN) model [20] , which can be studied in d = 2+ǫ dimensions. The critical exponents of the GNY model have recently been calculated at three-loop [21] and fourloop [22] orders, and those of the GN model have been determined at four-loop order [23] . Interesting critical phenomena outside the reach of the purely bosonic O(n) vector model include the emergence of N = 1 [8, 24] and N = 2 [8, 9, 12, 25, 26] spacetime supersymmetry in the real (chiral Ising) and complex (chiral XY) GNY universality classes, respectively.
The second category of critical phenomena not captured by the standard O(n) universality classes are phase transitions involving dynamical gauge fields. In the condensed matter context these occur as a result of the fractionalization of microscopic degrees of freedom, under the influence of strong correlations, into slave particles with fractional quantum numbers. The paradigmatic example is the fractionalization of bosonic local moments into neutral fermionic spinons [27] . One may further distinguish two subclasses of critical points in this category: those for which the gauge field deconfines only at the critical point itself, dubbed deconfined quantum critical points [28, 29] , and those for which the gauge field deconfines in at least one of the two phases separated by the critical point. While the former subclass corresponds to (LGW-forbidden) transitions between conventional ordered phases, the latter describes transitions involving at least one fractionalized phase. When fermionic spinons acquire a Dirac dispersion [30] , one obtains a theory of Dirac fermions interacting with a U (1) gauge field as well as with a bosonic order parameter. The transitions of interest take place in 2+1 dimensions, and thus we will refer to such models as QED 3 -GNY models, since the fermion-gauge sector is described by massless quantum electrodynamics (QED). Examples of transitions recently studied in this way include transitions from an algebraic spin liquid to either a chiral spin liquid [31, 32] , a Z 2 spin liquid [33] , or a Néel antiferromagnet [34] , which are described by the chiral Ising, XY, or Heisenberg QED 3 -GNY models, respectively. Interestingly, it was recently conjectured [35] that a critical point in the first subclass, the deconfined quantum critical point between a Néel antiferromagnet and a valence bond solid on the 2D square lattice [28, 29] , is dual to a critical point in the second subclass, that of the chiral Ising QED 3 -GNY model with two flavors of two-component Dirac fermions [32] . By varying the number of flavors of Dirac fermions in the theory, one may obtain an infinite family of new universality classes, distinct from both the purely bosonic O(n) and GN/GNY universality classes.
Motivated by these recent developments, in this paper we study the critical properties of the chiral Ising QED 3 -GNY model as a function of the number N of flavors of four-component Dirac fermions. The study of the critical properties of this model in d = 4 − ǫ dimensions via the ǫ expansion was initiated in Ref. [32] , where calculations at leading (one-loop) order were performed; here we study this model up to four-loop order. The paper is structured as follows. In Sec. II we define the model. In Sec. III we discuss basic aspects of the RG procedure and give our results for the beta functions and anomalous dimensions. Results up to three-loop order are given in the main text; four-loop contributions are given separately in Appendices B and C. In Sec. IV and V we present our ǫ-expansion results up to O(ǫ 4 ) for the usual thermodynamic critical exponents as well as the scaling dimensions of certain fermion bilinear operators; Padé approximants are then used to obtain rough estimates in d = 3. The procedure for the calculation of the stability critical exponent ω is briefly explained in Appendix E. In addition to our results for the chiral Ising QED 3 -GNY model, we also compute the scaling dimension of fermion bilinears at the pure QED 3 (see Appendix D) and GNY fixed points. In Sec. VI we discuss the application of our results to the duality mentioned above. In Sec. VII we discuss technical aspects of the automated procedure employed for the determination of renormalization constants at four-loop order. A brief conclusion is presented in Sec. VIII.
II. MODEL
We study the chiral Ising QED 3 -GNY model with N flavors of four-component Dirac fermions Ψ i , i = 1, . . . , N , with Lagrangian given by
where the γ µ are 4 × 4 Euclidean gamma matrices, F µν = ∂ µ A ν − ∂ ν A µ is the field-strength tensor, ξ is a gaugefixing parameter, and φ is a real scalar field. In the rest of the paper we will simply refer to this model as the QED 3 -GNY model. The model has a global discrete Z 2 chiral symmetry,
where γ 2 5 = 1 and {γ 5 , γ µ } = 0, under which the fermion mass bilinearΨΨ ≡ N i=1Ψ i Ψ i changes sign. The scalar mass squared m 2 tunes a quantum phase transition from a symmetric phase (m 2 > 0) with massive scalars and massless fermions, described for momenta p 2 ≪ m 2 by pure massless QED, to a phase with spontaneously broken Z 2 symmetry (m 2 < 0) where the scalar acquires a vacuum expectation value and a fermion mass is dynamically generated.
As mentioned in Sec. I, when extrapolated to d = 3 dimensions this model has been argued to be relevant to two problems of current interest in quantum magnetism. For N = 1, it has been suggested as a possible fermionic dual [35] to the bosonic SU (2)-symmetric noncompact CP 1 (NCCP 1 ) model, which describes a deconfined quantum critical point between a Néel antiferromagnet and a valence bond solid on the 2D square lattice [28, 29] . For N = 2, it describes a putative time-reversal breaking quantum phase transition between an algebraic spin liquid and a chiral spin liquid in a spin-1/2 kagomé antiferromagnet [31, 36] .
III. RENORMALIZATION GROUP ANALYSIS
To perform an RG analysis of the model (1) we use the standard field-theoretic approach with dimensional regularization and modified minimal subtraction (MS) [37] . Comparing the bare Lagrangian
and the renormalized Lagrangian
function β λ 2 for the quartic scalar coupling are 
The beta functions (16)- (18) can be checked against known results in various limits. Setting e = 0 and g = 0, the model reduces to the bosonic Ising universality class; our result for β λ 2 in that limit agrees with the known four-loop result [39] . Setting g = 0 and λ = 0, β e 2 reproduces the four-loop QED beta function [40] . Setting e = 0 only, our expressions for β g 2 and β λ 2 agree with those for the pure GNY model in the chiral Ising class, which were recently computed at four-loop order [22] . Finally, for the full QED 3 -GNY theory with all three couplings nonzero we recover the one-loop beta functions recently obtained in Ref. [32] .
B. Anomalous dimensions
The anomalous dimensions of the fields φ, φ 2 , A µ , evaluated at the quantum critical point,
are universal, gauge-invariant quantities. Considering η A first, from Eq. (12) we see that at a fixed point with nonzero gauge coupling e 2 * = 0 one must have the exact relation η A = ǫ [41] . This is a consequence of gauge invariance, since Eq. (12) follows from the fact that the gauge coupling and gauge-field wave function renormalizations are related by a Ward identity. As shown at one-loop order in Ref. [32] , and confirmed at four-loop order in Sec. IV, the QED 3 -GNY critical point indeed has e 2 * = 0, implying that η A = 1 exactly in d = 3 dimensions. In this section we give expressions at four-loop order for γ φ and γ φ 2 , which will then be evaluated at the quantum critical point in Sec. IV to yield the universal exponents η φ and η φ 2 . As for the beta functions, we express the anomalous dimensions as a sum of contributions at fixed loop order,
To calculate the anomalous dimensions, we make use of the chain rule when taking the derivative with respect to ln µ, as well as of the fact that the renormalization constants Z φ and Z φ 2 have no ξ dependence since the associated fields are gauge invariant [37] ,
for X ∈ {φ, φ 2 }. As for the beta functions, here we list the contributions only up to three-loop order and provide the four-loop contributions in Appendix C and Ref. [38] . The anomalous dimension of the scalar field φ is given by
while for the scalar mass operator φ 2 , we find
Our expressions for γ φ and γ φ 2 can be checked in two limits. Setting e = 0 and g = 0, our results agree at fourloop order with those for the Ising universality class [39] . Setting e = 0 only, our results agree at that same order with those for the chiral Ising GNY model [22] .
C. Fermion bilinears
Besides φ and φ 2 , another class of gauge-invariant operators one can consider are fermion bilinears. Restricting ourselves to Lorentz scalars, i.e., mass terms, a generic fermion bilinear can be expressed as a linear combination of an SU (N ) flavor-singlet massΨΨ, which appears in the Yukawa interaction in Eq. (1), and an SU (N ) flavor-adjoint mass
where the generators T A of SU (N ) are linearly independent traceless Hermitian N × N matrices. The scaling dimensions of the singlet and adjoint bilinears are in general different. To calculate the scaling dimension ∆Ψ ΓΨ of a fermion bilinearΨΓΨ where Γ ∈ {1, T A }, we add it to the bare and renormalized Lagrangians,
where we use the shorthandM = M Γ ∈ {M 1 , M TA } ≡ {M,M }. This implies the relationŝ
and thus the beta functions
where
Note that γ Ψ and γM are not separately gauge invariant, i.e., they depend on the gauge-fixing parameter ξ, but all the gauge-dependent terms must cancel out in Eq. (43), since the fermion bilinears are gauge-invariant operators. Taking into account its gauge dependence, the fermion field anomalous dimension is given by
where we have used Eq. (10) to express dξ/d ln µ = −γ A ξ. We find that up to four-loop order γ Ψ depends on ξ only in the one-loop term, as in pure QED [42, 43] .
To calculate ZM we compute the fermion two-point function at four-loop order with all possible single fermion bilinear and fermion bilinear counterterm insertions. Flavor-adjoint bilinear insertions preserve the Z 2 chiral symmetry of the massless theory (for a proof of this statement, see Appendix A). In this case the scaling dimension of the bilinear is simply determined by the slope of the beta function (43) evaluated at theM = 0 fixed point,
where η Ψ and ηM are the anomalous dimensions of the fermion field and adjoint bilinear evaluated at the quantum critical point,
Accounting for the ξ dependence of γM , one has
At four-loop order, we obtain
The four-loop contribution γ
is given in Eq. (C.3) of Appendix C. The absence of gauge dependence up to four-loop order is an additional consistency check on the calculation. Furthermore, we checked that our result for γΨ TAΨ agrees with the results available in the literature in the pure QED limit [44] [45] [46] [47] , using the fact (discussed in Sec. V A) that in the pure QED limit the singlet and adjoint bilinear scaling dimensions are identical.
By contrast with adjoint bilinear insertions, singlet bilinear insertions explicitly break the Z 2 chiral symmetry and thus symmetry-breaking interactions will be radiatively induced. The only relevant (or marginal) such interaction below four dimensions is a φ 3 interaction, which must be kept to preserve renormalizability of the theory. We must therefore additionally include the bare h 0 φ 3 0 and renormalized Z h hµ 1+ǫ/2 φ 3 couplings in the Lagrangian, with Z h a new renormalization constant. This implies the additional relation
and the corresponding beta function,
Note that one has to introduce this extra coupling in order to obtain a finite/local result for γ M starting at three-loop order. This is because radiative corrections to the cubic scalar vertex arise for the first time in the fermion two-point function with single mass insertions in three-loop diagrams (first diagram of Fig. 1 ). To calculate γ M we use an equation analogous to Eq. (48), but the sum over α 2 must additionally include the couplings M and h.
In fact, as soon as a flavor-singlet fermion bilinear insertion is present, the theory is already nonrenormalizable at one-loop order without a cubic scalar vertex, because the scalar three-point function becomes divergent through fermion loop diagrams containing a single flavorsinglet bilinear insertion. Exactly these diagrams reappear as subdiagrams at three-loop order (first diagram in Fig. 1 ) and carry a subdivergence which renders the corresponding mass renormalization constant nonlocal (containing logarithms of µ), if one does not subtract their subdivergence via a corresponding φ 3 vertex counterterm insertion (second diagram in Fig. 1) .
Moreover, even the scalar one-point function becomes divergent at the same loop order, when one allows for a φ 2 operator insertion. So one has to introduce a tadpole counterterm ∼ t 0 φ 0 into the Lagrangian in order to be able to render the one-point function finite. In our case we renormalize the parameter t in a full subtraction scheme, meaning we have t = 0 to all orders. This means effectively we do not need to consider any diagrams containing a φ-tadpole insertion, because for each such diagram there is a corresponding counterterm diagram which exactly cancels its contribution.
Since we are interested in the scaling dimension ofΨΨ in the massless, symmetric theory, it is sufficient to calculate Z M and Z h up to linear order in M and h. Note that Z M will contain the singular ratio h/M as a Z 2 symmetry-breaking mass term can be radiatively generated at two-loop order by the cubic scalar vertex (i.e., the second diagram of Fig. 1 but with the counterterm insertion replaced by the cubic scalar vertex h itself). Likewise, Z h will contain the ratio M/h as the cubic scalar vertex can be radiatively generated at one-loop order by a closed fermion loop with a single SU (N ) singlet mass insertion and three external scalar legs (i.e., the fermion loop subdiagram in the first diagram of Fig. 1 ). These singular ratios lead to terms linear in h in β M and terms linear in M in β h , i.e., mixing between the operatorsΨΨ and φ 3 . To linear order one thus obtains the linear system
As in Sec. III A we find full cancellation of the gauge dependence in those beta functions [38] , which is a strong consistency check of the calculation. The scaling dimensions of the new eigenoperators are given by ∆ ± = d+Λ ± where
are the eigenvalues of the matrix K, evaluated at the quantum critical point. By inspecting the corresponding eigenvectors we find that ∆ − can be associated with ∆Ψ Ψ , and likewise ∆ + = ∆ φ 3 .
IV. CRITICAL EXPONENTS
From the knowledge of the beta functions [Eq. (16)- (18)] and anomalous dimensions [Eq. (31)- (32)] one can calculate the usual critical exponents. We begin by searching for fixed points with couplings (e 2 * , g 2 * , λ 2 * ) at one-loop order [32] . At that order one finds eight fixed points: the Gaussian fixed point (0, 0, 0), the conformal QED [48] fixed point ( In agreement with Ref. [32] , of all those fixed points only one of the latter two is stable, the so-called QED 3 -GNY fixed point:
defining
Furthermore, all three couplings are positive for all N . In the following we study this fixed point at four-loop order, looking for a zero of the beta functions in the form
with the one-loop coefficients e 1 , g 1 , λ 1 given in Eqs. (58) (59) (60) . Besides the previously determined exponent η A , the critical exponents we compute here are the scalar field anomalous dimension η φ , the inverse correlation length exponent ν −1 , and the stability critical exponent ω. The exponent ν −1 is defined as the RG eigenvalue associated with the (relevant) scalar mass term,
From Eq. (9) and Eq. (28), one obtains [37] 
The exponent ω is defined as the RG eigenvalue associated with the least irrelevant operator in the basin of attraction of the fixed point (i.e., the critical hypersurface m 2 = 0), and controls the leading corrections to scaling. In practical terms, it is given by the smallest eigenvalue of the Jacobian (stability) matrix
The approach utilized to diagonalize J order by order in ǫ is tantamount to ordinary quantum-mechanical perturbation theory, and is briefly summarized in Appendix E. At one-loop order, we find
with η φ and ν −1 in agreement with Ref. [32] . At higher loop order, analytical expressions for the critical exponents with general N can be obtained but are extremely cumbersome [38] . As a nontrivial check on the calculation, we have verified that our four-loop result for η φ , when expanded in inverse powers of N to O(1/N ), agrees with the corresponding 1/N expansion result for the QED 3 -Gross-Neveu (QED 3 -GN) model in d dimensions, when expanded to O(ǫ 4 ) [49, 50] . Here we only give explicit expressions for the critical exponents for the N = 1 case, relevant for the conjectured duality with the SU (2) NCCP 1 model,
and for N = 2 case, appropriate for the spin-1/2 kagomé antiferromagnet:
In both cases coefficients are given numerically to four significant digits.
A. Padé approximants
To obtain approximate values of the critical exponents in physical d = 3 dimensions, corresponding to ǫ = 1, we employ standard one-sided Padé approximants (see, e.g., Ref. [51] ), defined as
with m + n = L, where L is the desired loop order. They reproduce the ǫ-expansion results when expanded to O(ǫ L ) and constitute an extrapolation from d = 4 down to d = 3. We have also attempted to use two-sided approximants (see, e.g., Ref. [26] ) by combining information from the 4 − ǫ expansion of the QED 3 -GNY model and the 2+ǫ expansion of the fermionic QED 3 -GN model,
where ψ i are two-component spinors and the γ ′ µ are 2 × 2 gamma matrices. Just like the standard GNY fixed point in 4 − ǫ dimensions is believed to be in the same universality class as the fixed point of the purely fermionic GN model in 2 + ǫ dimensions [19] when extrapolating ǫ → 1, so too is the QED 3 -GNY fixed point in 4 − ǫ dimensions believed to extrapolate to the same universality class as one of the two charged critical points of Eq. (76) [32, 52] . Two-sided Padé extrapolation indeed appears to give accurate results for the pure GNY/GN fixed point [26] . However, since the gauge coupling in Eq. (76) is strongly relevant near two dimensions, the charged critical point of interest, the QED 3 -GN fixed point, is not perturbatively accessible at finite N in a strict 2 + ǫ expansion, by contrast with the neutral fixed point of the pure GN theory [19] . Thus one is forced to proceed in a combined 1/N and 2 + ǫ expansion [32, 52] , which is not expected to be very accurate for small N . Unsurprisingly, we have found that two-sided Padé approximants that take into account the leading, i.e., O(1/N 0 , ǫ) term in the combined 1/N and 2 + ǫ expansion-the only term known so far [32] -produce a large spread of extrapolated values for the critical exponents at small N . We thus do not expect the estimates obtained this way to be reliable, and discuss only the one-sided approximants (75) in the rest of the paper.
The results of one-sided Padé extrapolation for the critical exponents are shown as a function of N in Fig. 2,  Fig. 3 , and Fig. 4 at two-loop (blue), three-loop (green), and four-loop (red) orders. We use only Padé approximants that do not contain poles in the extrapolation region 0 < ǫ < 1. We observe sizeable variations in the extrapolated exponents for small N ; such variations have also been seen in the Padé extrapolation of operator scaling dimensions in conformal QED 3 [51] . Smaller variations seen at large N are expected as the theory becomes weakly coupled in the large-N limit for all 2 < d < 4. The results of Padé extrapolation can be compared with unitarity bounds in conformal field theory [53, 54] . The scaling dimension ∆ of a Lorentz scalar should obey
this implies that η φ ≥ 0 and ν −1 ≤ 5/2 in three dimensions. Additionally, by definition ν −1 and ω should be positive. In Fig. 3 bounds for N ≤ 3. While these results suggest the possible loss of conformal invariance for sufficiently small N -due either to the loss of conformal invariance in pure QED 3 itself, or to the phase transition becoming first order -they should be taken with caution, given the large variations between different approximants at small N .
V. SCALING DIMENSIONS OF FERMION BILINEARS
The scaling dimensions ∆Ψ Ψ and ∆Ψ TAΨ of the SU (N ) singlet/adjoint fermion bilinears are obtained from the analysis in Sec. III C. At one-loop order we obtain
for both singlet and adjoint bilinears, the latter in agreement with Ref. [32] . Starting at two-loop order the two scaling dimensions differ due to mixing of the singlet bilinear with the φ 3 operator. The full expressions at fourloop order for general N are extremely cumbersome [38] ; here we give expressions for N = 1 only,
and N = 2:
Strictly speaking, the adjoint bilinear only exists for N ≥ 2, since SU (1) is trivial. However, since the scaling dimension obtained for N ≥ 2 is an analytic function of N , one can analytically continue the result to N = 1. We note that in the large-N limit, our four-loop result for ∆Ψ TAΨ agrees with the corresponding quantity for the QED 3 -GN model computed in the 1/N expansion at O(1/N 2 ) [55] . As in Sec. IV we perform both one-sided and two-sided Padé extrapolation, but discard the two-sided approximants due to their large spread in numerical values, which itself stems from the additional large-N approximation required near the lower critical dimension. The results of Padé extrapolation for pole-free approximants are given in Fig. 5 and Fig. 6 . As for the critical exponents there is a relatively large spread in the extrapolated values for small N , which was also seen in the Padé extrapolation of fermion bilinear and quadrilinear operators in conformal QED 3 [51] . Unitarity bounds require ∆Ψ ΓΨ ≥ 1/2. This is satisfied for all N by all approximants except the three-loop [0/3] approximant, which predicts the breakdown of conformal invariance at N = 1 with ∆Ψ TAΨ ≈ 0.467. By contrast with the thermodynamic exponents η φ , ν −1 , and ω in Fig. 2-4 , a better convergence of the approximants with increasing loop order seems to be achieved for the fermion bilinear scaling dimensions. In particular, in Fig. 6 the four-loop result for the adjoint bilinear is sandwiched between the two-loop and three-loop results at small N , and the three four-loop approximants (red lines) are in close agreement with each other. Taking the mean of the three four-loop approximants, we arrive at the estimates ∆Ψ TAΨ ≈ 1.98 ± 0.08 for N = 1, (82) ∆Ψ TAΨ ≈ 1.74 ± 0.06 for N = 2,
Where the indicated uncertainties correspond to one standard deviation on either side of the mean. less significant than that observed for the critical exponents in Sec. IV.
A. Conformal QED3
When setting g = 0, the Lagrangian (1) reduces to decoupled copies of massless QED and scalar φ 4 theory. In the loop expansion of the fermion two-point function, one important difference between the singlet and adjoint bilinears comes from closed fermion loops with a single bilinear insertion, which vanish for the adjoint bilinear due to the tracelessness of the flavor matrix T A but are generically nonzero for the singlet bilinear. In pure QED such closed fermion loops with bilinear insertions always involve a trace over an odd number of gamma matrices, and vanish regardless of the choice of flavor matrix Γ. Since the issue of mixing with the φ 3 operator is absent in pure QED, the difference in ZM for the singlet and adjoint bilinears only comes from closed fermion loops, and thus those two bilinears have the same scaling dimension in QED 3 [51] . Evaluating the adjoint anomalous dimension (49) at the QED 3 fixed point g
, where e 2 * ,QED 3
can be determined to O(ǫ 4 ) from the beta function (12) in the QED limit g → 0, we can obtain ∆Ψ ΓΨ at that fixed point. In fact, using the known five-loop QED/quantum chromodynamics (QCD) results [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] for β e 2 and γΨ Ψ we can calculate ∆Ψ ΓΨ at five-loop order (see Appendix D and Ref. [38] ), which agrees at three-loop order with Ref. [51] . As another nontrivial check on the calculation, we have also verified that the large-N expansion of Eq. Table I , from which we have excluded [0/5] which strongly deviates from the other approximants). One can thus use the approximants to extract a critical value N c of the fermion flavor number below which conformal invariance is lost, presumably due to the dynamical generation of an SU (N ) singlet fermion mass Ψ Ψ = 0, which translates in d = 3 to the spontaneous breaking of chiral symmetry [70] . The estimates obtained this way (Table I) are relatively close to the estimate N c ≈ 1.02 obtained from an entirely different condition, that of unitary bound violation for monopole operators [71] . The implied breakdown of chiral symmetry for N = 1 but not for N ≥ 2 is consistent with lattice gauge theory results [72] [73] [74] , except the most recent ones [75] [76] [77] which predict the absence of chiral symmetry breaking even at N = 1.
B. Chiral Ising GNY model
Finally, when setting e = 0 in Eq.
(1) the model reduces to the pure GNY model in the chiral Ising universality class, and thus we can also calculate the scaling dimensions of the singlet and adjoint bilinears at the GNY fixed point at four-loop order. At one-loop order we obtain the same scaling dimension for the singlet and adjoint bilinears,
Starting at two-loop order, ∆Ψ Ψ differs from ∆Ψ TAΨ due to mixing between theΨΨ and φ 3 operators. At oneloop order, our result for the singlet dimension disagrees with Ref. [26] , while the adjoint dimension agrees with Ref. [78] . However, our full four-loop results [38] agree with the corresponding large-N results at O(1/N 2 ) for both the singlet [79] and adjoint [55] mass dimensions in the GN model. Furthermore, the dimension ∆ φ 3 of the φ 3 operator [38] , determined from the other eigenvalue of the mixing matrix K in Sec. III C, agrees at one-loop order with Ref. [26] , and at four-loop order with the corresponding large-N result in the GN model, which has been determined at O(1/N 2 ) only recently [80] . We show the results of one-sided Padé extrapolation in Fig. 8 and Fig. 9 ; the spread of values is significantly smaller than for the QED 3 -GNY model, suggesting that gauge fluctuations tend to worsen the convergence of the ǫ expansion. In particular, for the adjoint bilinear all four approximants at four loops agree closely with each other.
VI. DISCUSSION
We now discuss some applications of our results. We have already mentioned the N = 2 case, which describes a putative quantum phase transition between a gapless Dirac spin liquid and a gapped chiral spin liquid in a spin-1/2 kagomé antiferromagnet [31, 36] . The N = 1 case corresponds in d = 3 to the QED 3 -GNY model with two flavors of two-component Dirac fermions, which has been proposed to be dual to the critical point of the SU (2)-symmetric NCCP 1 model [35] . According to this conjectured duality, the parity-even, flavor-symmetrybreaking bilinearψσ z ψ =ψ 1 ψ 1 −ψ 2 ψ 2 in the QED 3 -GNY theory should be dual to the mass term z † z for the bosonic CP the QED 3 -GNY scalar mass operator φ 2 are predicted to transform as different components of the same traceless symmetric tensor X (2) ab , a, b, = 1, . . . , 5. As a result, the duality implies that in three dimensionsψσ z ψ and φ 2 should have the same scaling dimension. But which bilinear in the four-dimensional theory should one use for this comparison? Since σ z is traceless in SU (2) flavor space, in fixed d = 3 the loop expansion with singlē ψσ z ψ insertions leads to a vanishing contribution of bilinear insertions into closed fermion loops. Therefore, the d = 4 − ǫ bilinear whose loop expansion behaves like that of the d = 3 flavor-symmetry-breaking bilinear, in the sense that closed fermion loops with bilinear insertions do not contribute, is the adjoint bilinearΨT A Ψ, analytically continued to N = 1. With this prescription one is thus led to compare ∆Ψ TAΨ with the scaling dimension of the φ 2 operator, which equals 3 − ν −1 . While the four-loop Padé approximants give a reasonably consistent extrapolated value for ∆Ψ TAΨ [see Fig. 10 and Eq. (82)], a much higher degree of uncertainty remains for ν −1 (Fig. 11) , preventing an unambiguous verification of the duality. The same can be said for the value of ν −1 itself which, according to the duality, should be the same as that at the Néel-valence-bond-solid transition. The latter has been studied numerically in lattice spin systems by Monte Carlo methods [81] [82] [83] , with esti- mates for ν −1 ranging from 1.3 to 2.0. As another prediction of the duality, the scalar field φ should be dual to the
, an element of the Néel order parameter N = z † σz, which itself is predicted to form a vector under the emergent SO(5) symmetry when combined with the CP 1 monopole operator, a complex scalar that has the physical interpretation of a valencebond-solid order parameter. As a result, the scalar field anomalous dimension η φ should be equal to that of the Néel and valence-bond-solid order parameters. These order parameter anomalous dimensions have also been determined numerically, with values ranging from 0.25 to 0.35 [81] [82] [83] . Apart from the [1/3] approximant, our simple one-sided Padé estimates yield extrapolated values of η φ an order of magnitude larger than this (Fig. 12) . One can also attempt to improve the naive Padé estimates by the Padé-Borel method [84] , in which Padé extrapolation is applied to the Borel sum B ∆ (ǫ) of a critical exponent ∆(ǫ) = k ∆ k ǫ k known in the ǫ expansion,
rather than to the exponent itself. An estimate for the exponent is then obtained by computing the Borel transform,
Padé-Borel estimates for the N = 1 exponents 1/ν, η φ , and ∆Ψ TAΨ are given in Table II , alongside with the ordinary Padé estimates for comparison; a significant spread of extrapolated values remains even with this method.
VII. CALCULATION OF THE RENORMALIZATION CONSTANTS: TECHNICAL ASPECTS
In order to extract the renormalization constants Z X for the QED 3 -GNY model up to and including four loops we use a highly automated setup that has gone through several nontrivial checks. It has already been used to obtain the renormalization constants for the pure chiral Ising, XY, and Heisenberg GNY models in Ref. [22] , and was able to reproduce the four-loop QCD beta function [46, 47, 85] . Furthermore, because the QED 3 -GNY model is an Abelian gauge theory we were able to keep the full dependence of the amplitudes on the gauge parameter ξ, in order to explicitly verify the cancellation of the ξ dependence in gauge-invariant quantities. Our setup uses QGRAF [86] to automatically generate all diagrams, and further uses q2e and exp [87, 88] to transform the output of QGRAF into FORM-readable source files. The amplitude reduction of each oneparticle irreducible Green's function -including traces over Dirac gamma matrices -is then performed within FORM [89, 90] . A listing of the numbers of Feynman diagrams computed for each specific Green's function and at a given loop order can be found in Table III . All numbers are given for a vanishing φ 3 coupling.
In order to be able to reduce all appearing integrals to tadpole integrals only, we treat all relevant external momenta as being small and keep a much larger common regulator mass in all propagators in order to avoid infrared singularities. This then allows one to expand naively in any external momentum that appears. The systematic treatment of the unphysical regulator mass is called infrared rearrangement [91, 92] and is based on an exact decomposition of a massless propagator into massive ones. It requires an immediate cancellation of all subdivergences, and thus one has to perform renormalization via explicit counterterm insertions. The infrared rearrangement method has been recently applied to the computation of the five-loop QCD beta function and anomalous dimensions [62, 63] and is in full agreement with the results of completely different approaches [61, 64] .
All appearing tadpole integrals are reduced to a wellknown finite set of master integrals (see appendix of Ref. [47] ) employing an integral reduction table. The latter was created with the program CRUSHER [93] , which first generates integration-by-parts identities for all appearing integrals in order to obtain a coupled system of linear equations for them. This system of equations is then solved by an implementation of Laporta's algorithm [94] . The solutions of this system yield a decomposition of all appearing integrals in terms of master integrals. The reduction table itself has been conveniently implemented using FORM's TableBase functionality.
Because we kept the full ξ dependence, it turned out that the most involved n-point function at four-loop order was the photon polarization function. Here the coefficient ∼ N g 8 alone generated about 53 million terms at maximum expression size which made FORM use approximately 261 GB of RAM.
In order to extract the renormalization constants from all bare subdivergence-subtracted amplitudes, we rely on a generic renormalization program written in FORM. It performs the renormalization order by order and ensures the correct insertions of all relevant counterterm combi-nations.
VIII. CONCLUSION
In summary, we have studied the critical properties of the QED 3 -GNY model in the ǫ expansion below four dimensions at four-loop order, expanding upon the existing results at one-loop order. Besides the usual thermodynamic critical exponents η φ , ν −1 , and ω, we have also calculated the scaling dimensions of SU (N ) flavor singlet and adjoint fermion bilinears. The latter calculations were also performed in the pure QED 3 and GNY limits, expanding upon existing results at lower loop orders. Agreement was found with all available large-N results for the corresponding GN-type models. In an effort to access the critical properties of the corresponding d = 3 theories we performed Padé (and Padé-Borel, for N = 1) extrapolation. While substantial uncertainties remained at small N , reasonably good convergence with increasing loop order was achieved at sufficiently large N . However, due to the large spread of the Padé extrapolated values for the inverse correlation length exponent ν −1 at small N , a sharp statement concerning the validity of the conjectured duality at N = 1 could not be made.
It is conceivable that computing higher-order 1/N corrections to critical exponents in the d = 2 + ǫ QED 3 -GN model might improve the quality of two-sided Padé approximants even at small N , and perhaps yield a narrower range of extrapolated values than the one-sided approximants. More sophisticated methods such as the use of conformal mappings in Borel resummation [37, 84] , which has recently been applied to the GN and GNY models [95] , could also be employed here, and would benefit from a careful study of the large-order behavior of the ǫ-expansion coefficients in Yukawa-type theories, which is not currently known. Finally, calculations of critical exponents in the 1/N expansion in fixed d = 3 dimensions would provide an alternative test of the proposed duality.
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Note added. During the preparation of this manuscript we became aware of Ref. [96] , where an analysis similar to ours was performed at three-loop order. Our results agree wherever they overlap.
Appendix A: Chiral Z2 symmetry and fermion bilinear operators
In order to see that an SU (N ) flavor adjoint fermion bilinear operator is even under a chiral Z 2 transformation, first note that an arbitrary matrix Γ in the Lie algebra g of SU (N ) can always be brought to diagonal form by an SU (N ) transformation on Ψ,Ψ, and can thus be expanded as Γ = λ · H where H i , i = 1, . . . , N − 1 are generators of the Cartan subalgebra. Modulo an overall prefactor to be absorbed in M , the expansion coefficients (λ 1 , . . . , λ N −1 ) ≡ λ can be normalized such that λ 2 = 1. Since the action of the orthogonal group O(N −1) is transitive on the unit sphere in R N −1 , one can always perform a change of basis of the Cartan subalgebra H i → R ij H j , R ∈ O(N − 1) such that Γ = α · H where α is a simple root of g. We further note that the discrete chiral symmetry in Eq. (2) The four-loop contributions to the beta functions in Sec. III A are given here explicitly (see also Ref. [38] ). For the gauge coupling, we have Here we explain the procedure used to calculate the stability critical exponent ω, defined as the smallest eigenvalue of the stability matrix J defined in Eq. (65) . For a generic number N of fermion flavors the matrix elements of J at four-loop order are extremely lengthy, and direct diagonalization, which involves analytically finding the roots of a cubic secular equation involving those matrix elements, is needlessly complicated. Since ω must be computed only to order ǫ 4 , one can simply proceed as in ordinary (Rayleigh-Schrödinger) perturbation theory. We expand the eigenvalues ω i , i = 1, 2, 3 and corresponding eigenvectors u i of J , as well as J itself, in powers of ǫ:
Solving the (right) eigenvalue problem J ·u i = ω i u i order by order in ǫ, one obtains the equation
at each loop order L = 1, . . . , 4, where n, n ′ = 1, . . . , 4. At one-loop order, ω (1) i are simply given by the eigenvalues of J (1) ; one can check that this matrix is (lower) triangular, thus its right and left eigenvalues are equal. However, it is not symmetric, thus its right eigenvectors u One can check that S is in fact diagonal, S ij = S ii δ ij . At loop orders three and four, one proceeds as in second-and third-order perturbation theory, respectively, expanding the eigenvector contributions for L = 2 and L = 3 on the basis of one-loop eigenvectors, 
ji +ũ
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i − ω 
